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In this paper, we study turbulent two-phase flow. We consider the level of description where only the
large scales of turbulence and the large deformations of bubbles are explicitly described:

� the small scale of turbulence are not represented and we are close to the Large Eddy Simulation
concept,

� the mean geometry of each bubble is explicitly described but the small deformations of the bubbles
are not represented. The bubble interface is still supposed to be infinitely thin (i.e. interfaces are sup-
posed to be under-resolved and discontinuous).

At this level of description, there is no reason that the well known jump conditions are still valid.
Using a two-step methodology, we determine the jump conditions for filtered quantities (i.e. local mean
velocity and pressure) at the under-resolved discontinuous interface (i.e. small deformations of the inter-
face are not represented). In particular, we express the velocity of the under-resolved discontinuous
interface as a function of the filtered velocity, a scale similarity hypothesis and the time evolution of
the interface mean curvature.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Many industrial and environmental applications (e.g. convective
boiling, spray formation and direct contact heat exchanger) involve
high Reynolds number turbulent multiphase flows. Because non-
linear effects mainly drive the behavior of such flows, Direct
Numerical Simulation (DNS) have to entail a number of degrees
of freedom proportional to the third power of the Reynolds num-
ber. This extremely hard constraint makes it impossible to use
DNS for industrial applications.

Until now, the large majority of numerical computations have
adopted Reynolds Averaged Navier-Stokes (RANS) modeling. Clas-
sical single-phase turbulence models have been implemented in
one or in both phases without direct consideration of the influence
of the multiphase topology of the flow on the turbulence behavior.
For example, Sato and Sekoguchi Sato and Sekoguchi (1975) de-
rived a mixing length model based on a void fraction consideration
for bubbly channel flows, by splitting the turbulence into shear and
multiphase induced turbulence. Some interesting comparisons
ll rights reserved.
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between classical RANS modeling for two-phase flows have been
reported for instance in (Homescu and Panday, 1999) for conden-
sation on a horizontal tube.

Large Eddy Simulation (LES) has also been used for multiphase
flow computations. A large amount of these works deals with par-
ticles laden flows or sprays, involving particles even smaller than
the Kolmogorov scale (see for instance Boivin et al., 2000; Eaton
and Fessler, 1994; Elghobashi et al., 1984; Lain et al., 2002; Menon
et al., 1996; Squires and Yamazaki, 1995). Another scope studied
extensively is the case of non-deformable shear-free surface of
an open channel flow. See, e.g., the description of the near shear-
free surface turbulence that Calmet and Magnaudet Calmet and
Magnaudet (2003) deduced from their LES and the subgrid scales
modeling of Shen and Yue Shen and Yue (2001). Regarding the
modeling of wave breaking, Christensen and Deigaard Christensen
and Deigaard (2001) and Watanabe and Saeki Watanabe and Saeki
(2002) adopted a standard LES model coupled with a Volume of
Fluid (VOF) free surface approach. Moreover, Lakehal et al. Lakehal
et al. (2002) derived a subgrid scale model based on the analytical
analysis of Drew and Lahey Drew and Lahey (1987) on the forces
acting on a sphere and on the scale similarity principle of Bardina
et al. Bardina et al. (1983). All these contributions aim at finding a
two-phase equivalent to the single-phase LES concept. However,
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from a modeling point of view, the two-phase LES concept has not
been defined. This paper is an attempt to define rigorously this
concept at a given level of description.

We name this two-phase LES concept at a given level of descrip-
tion Interfaces and Subgrid Scales (ISS). It consists in solving the
two-phase flow features at the grid scale of the numerical method
and to take into account the unresolved scales with subgrid mod-
els. In this regard, the concept is strictly identical to the single-
phase LES concept. However, in the present paper, we restrict the
model in that the filter is much smaller than the bubbles. With this
restriction, fully deformable interfaces that remain much larger
than the filter size and much larger than the turbulence scales
are captured in a DNS-like approach while the smallest scales of
turbulence within each phase and the interface smallest deforma-
tions have an unresolved scale part that is modeled. The choice of
this level of description could be surprising. Actually, it is very con-
venient for the applications of interest in the nuclear industry. In-
deed, in a typical sub-channel situation (e.g., 15 MPa and water
flow in a PWR sub-channel), the Reynolds number using the mean
velocity is equal to 300,000, the turbulent Reynolds number using
the friction velocity is close to 11,800 and the Kolmogorov scale is
1 lm whereas the typical bubble size is supposed to be close to
150 lm. Therefore, the use of a simple subgrid model between 1
and 10 lm allows a drastic reduction of the number of nodes in
the space discretization (division by 1000 in 3D). In practice, we
plan that the ISS simulations will be realized with the same numer-
ical tool that we use for DNS: a ‘‘sharp-interface” version of the
Front-Tracking approach. This original method allows in particular
a sharp pressure jump corresponding to the surface tension with-
out numerical parasitic currents (Mathieu, 2003). Although a de-
tailed presentation of the implementation of ISS is behind the
scope of this paper (numerical instabilities are difficult to foresee),
the ISS jump conditions can be directly integrated to the actual
numerical algorithm. The corresponding jumps are simply new
interfacial terms added to the capillary forces.

Obviously, the chosen level of description implies that far from
the interface classical single-phase LES model could be used. The
challenge consists in finding the jump conditions for the filtered
quantities at the under-resolved discontinuous interface. These
jump conditions have to correctly account for the interfacial trans-
fers at the under-resolved discontinuous interface. To our knowl-
edge, this paper is the first attempt to define mathematically a
discontinuous under-resolved interface and to propose the corre-
sponding jump conditions.

The present article is organized as follows. Section 2 describes
the main ideas of our two-step methodology for defining the ISS
concept: first, we apply a centered filter that smears the interface
and, second, we determine the discontinuous problem equivalent
to the filtered one. Section 3 deals with the first up-scaling step
of the approach. In particular, we exhibit the subgrid terms specific
to two-phase flows, sort them out and model the preponderant
contributions. Section 4 focuses on the second up-scaling step.
The matched asymptotic expansions are used to determine the
jump conditions for the filtered quantities at the discontinuous un-
der-resolved interface. In particular, we define the velocity of the
discontinuous under-resolved interface with the filtered velocity
of the phase and the time evolution of its principal curvature
radius.
2. A two-step methodology

Generally, the formalism of LES uses a filter defined as a product
of convolution. In order to have properties like commutation with
derivation, it is necessary for the convolution kernel to be indepen-
dent of time and space (Sagaut, 2003). However, while applying
this filter on flows with discontinuities like flames, shocks or inter-
faces, the jump related to the discontinuity contributes to the sub-
grid fluctuations. This is an important issue because classical
subgrid scale models are founded on the assumption that the sub-
grid fluctuations originate from turbulence only. Consequently,
they are unable to model the part of the subgrid fluctuations due
to the contribution of the discontinuity. Sagaut and Germano Sa-
gaut and Germano (2005) have exhibited this paradigm. In order
to use classical LES models in agreement with their original
assumptions, these authors recommend to use non-centered filters
and show how to adapt LES models to these filters. In this way, the
interface is not smeared out because, by construction of the filter,
no control volume ever contains the interface. However, the use of
non-centered filters does not allow to define a filtered interface be-
cause the geometry is never filtered. This approach implicitly as-
sumes that the interface smallest deformations are bigger than
the filter. Consequently, this concept is restricted to perfectly re-
solved interface: the velocity field is filtered but not the interface.
This occurs only if the interface is enough tight (i.e. there is no cou-
pling between the small vortex of the phases and the interface
deformations). In this case, it is quite natural to use classical
single-phase LES model and specific jump conditions are not
necessary.

However, we are not in this case and we are precisely interested
in the coupling between the smallest coherent turbulence struc-
tures and the interface deformations. This implies that if a part
of the velocity field is not viewed by an observer because it has
been filtered, this same observer should not see all the interface
but only the under-resolved part of the interface geometry (see
the illustration Fig. 1). Thus, we have to define the under-resolved
interface and to find the jump conditions that take into account, at
this scale of description, the subgrid transfers that originate from
the turbulence and interface coupling in the interfacial region.

In order to find the jump conditions for the filtered quantities
at the under-resolved interface, we propose to follow a two-step
up-scaling methodology. First, we apply a centered filter to the
equations governing the problem at the DNS scale. Since this fil-
ter is always centered, it can be crossed by the interface and the
discontinuous interface becomes a continuous transition zone. In
this way, the interface geometry is filtered just as the velocity
field and specific subgrid terms are expected to be related to
the presence of the interface. However, the nature of the inter-
face geometry changes and it is difficult to compare the obtained
continuous transition zone to the original discontinuity. Further-
more, this continuous vision of interfaces corresponds to a
description level where the coupling between the two phases is
difficult to capture numerically. More precisely, there are two
numerical issues at this description level. The first one consists
in avoiding numerical diffusion of the profile in order to keep
constant the size of the transition zone. The second one concerns
the numerical cost necessary to capture these profiles. Because
filtered quantities evolve very strongly within the transition
zone, the mesh size required to capture these strong variations
would be much smaller than the filter size, which is in contradic-
tion with the LES concept. On the contrary, a discontinuous for-
malism would tackle these two issues.

Thus, we have to perform a second up-scaling step to go from
this continuous description of the interface to a new discontinuous
description of the interface, i.e. the description level of the pro-
posed ISS concept. At this latter level, the observer cannot see
the detail of the transition zone, he can only see it as a discontinu-
ity where jump conditions, that take into account the coupling be-
tween the phases, are applied. One of the major modeling issues is
then to determine these jump conditions.

Before going further, we summarize the three description levels
that we have just introduced: (Fig. 1).
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Fig. 1. A two-step methodology. Schematic representation of resolved coherent turbulence structures and interface in the case of a DNS, a continuous LES and a discontinuous
LES, respectively.
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� At the DNS level, all scales of the interfaces and of the velocity
fields are accurately described. Thus, the Navier-Stokes equa-
tions are valid without adding any subgrid models. At this level,
interfaces are viewed as discontinuity surfaces.

� At the continuous LES level, only large scales of both turbulence
and interfaces are represented. Specific subgrid models take into
account the effect of the subgrid fluctuations (due to turbulence
and the presence of a discontinuity) on the filtered velocity and
on the filtered interface. At this level, interfaces are viewed as
continuous transition zones. They have a finite non-zero
thickness.

� At the discontinuous LES level or the ISS level, only large scales
of both turbulence and interfaces are represented. At this level,
interfaces are again considered as surfaces of discontinuity. They
are infinitely thin. The interfacial transfers at this new discontin-
uous interface are taken into account through appropriate jump
conditions.

It can be noticed that a similar two-step up-scaling methodol-
ogy with three levels of description is used with success by
Chandesris and Jamet Chandesris and Jamet (2006), Chandesris
and Jamet (2007) to study transport phenomena at a fluid/porous
interface. A filter is applied to the DNS equation all over the
domain (including the interface between free and porous media).
Thus, the fluid/porous interface becomes a continuous transition
region. The interfacial transfers are modeled at this continuous
level of description. Then, a second up-scaling step is
performed to obtain a discontinuous equivalent problem that
takes into account the interfacial transfers via appropriate jump
conditions. Reasoning by analogy with these studies of the
fluid/porous interface, we can rename the description levels
introduced:

� DNS corresponds to the microscopic level of description,
� continuous LES corresponds to the mesoscopic level of

description,
� discontinuous LES or ISS corresponds to the macroscopic level of

description.
2.1. First up-scaling step: centered filtering operation

To go from the microscopic level of description to the meso-
scopic level of description, we apply a spatial centered filter to
the equations governing the problem at the microscopic scale.
Applying a spatial filter across the discontinuity, we transform it
into a continuous transition zone. As shown in Section 3, this oper-
ation makes appear specific subgrid terms related to the correla-
tions between the interface and the velocity field. Thus, specific
models need to be developed to take into account the non-turbu-
lent parts of the subgrid terms that proceeds from the presence
of the discontinuity. This is why it is improper to speak about
LES in our case. Indeed, the aim of both ISS and LES consists in
modeling subgrid fluctuations but, in the ISS concept, fluctuations
are not only due to turbulence. They are also due to the presence of
the discontinuity. It can be noticed that the non-turbulent parts of
the subgrid terms also exist in laminar and in 2D flows. For these
two types of flows, there is no stretching phenomenon of coherent
structures that get involved in the energy cascade and they are
thus not turbulent. In the ISS concept, non-turbulent parts of the
subgrid terms exist and have to be modeled properly.

2.2. Second up-scaling step: stiffening of the transition zone

In this second up-scaling step, we go from the mesoscopic level
of description to the macroscopic level of description. The difficulty
lies in the specification of the jump conditions at the under-re-
solved interface that are such that the macroscopic problem is in-
deed equivalent to the mesoscopic one, i.e. so that the solutions of
the two problems are identical outside of the interfacial transition
region. This particular up-scaling problem has been thoroughly
studied for liquid/liquid, liquid/vapor or liquid/solid interfaces
(e.g. Emmerich, 2003; Anderson et al., 2001) and can be referred
to as finding the sharp-interface limit of a diffuse interface model.
Different approaches can be used to perform this up-scaling (e.g.)
the surface-excess theory of interfacial transport processes (Ed-
wards et al., 1991), the method of matched asymptotic expansions
(Zwillinger, 1989). These methods can be very different in their
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respective technical steps, however, they are based on the same
main idea. By construction, the macroscopic model is not suited
to describe the problem in the interfacial transition region. Indeed,
it is based on closures that are valid far from the interface but not
in the interfacial transition region. Thus, compared to the meso-
scopic model, some physical features are not or not correctly ac-
counted for by the macroscopic model in the interfacial
transition region. The idea is thus to assign the amount of the
quantity / that is not seen by the macroscopic model compared
to the mesoscopic model to the interface such that the macroscopic
model is indeed equivalent to the mesoscopic one. This is done by
means of surface-excess quantities that are assigned to the inter-
face. As a consequence, these surface-excess quantities appear in
the jump conditions at this interface.

We recall that for any physical field /, its excess quantity is de-
fined by:

/ex ¼̂
Z þ1

�1
�/ðn3Þ � ~/ðn3Þdn3 ð1Þ

where �/ is the mesoscopic representation of the studied field, ~/ is
the macroscopic representation of this field and n3 is the coordinate
normal to the interface (see Appendix A for the definition of the lo-
cal coordinates associated to the interface). This definition is illus-
trated in Fig. 2 where the excess quantity is represented by the
shaded area. It represents exactly the amount of the / field that is
not seen by the macroscopic model in the interfacial transition re-
gion compared to the mesoscopic model.

The surface-excess theory (Edwards et al., 1991) is more generic
and easy to implement than the method of the matched asymp-
totic expansions. However, it does not provide closed expressions
for the jump conditions when the problem is non-linear, which is
our case. Since we are looking for closed jump conditions at the
macroscopic scale, we use in this paper the method of the matched
asymptotic expansions to perform this second up-scaling.

Using this two-step strategy, we are able to derive the jump
conditions that the filtered quantities must satisfy at the discontin-
uous under-resolved interface. We show in particular that these
jump conditions are the same as those satisfied by microscopic
quantities except that additional terms appear. These additional
terms take into account the unresolved part of the velocity fields,
the interface geometry and their coupling. Moreover, the location
of the discontinuous under-resolved interface where these jump
conditions must be satisfied is predicted by an original transport
equation. The modeling of this transport equation is a major result
of this paper. Indeed, we show that the speed of displacement of
the discontinuous under-resolved interface is not trivial and is
not only equal to the fluid velocity at the interface, as it is the case
at the microscopic scale.
bR   (bubble radius)

Interface

Outer region: liquid

transition zone
Inner region:

Outer region: gas

Controle of volume V

δ

Fig. 2. Illustration of a sur
3. Continuous LES

In this section devoted to the first up-scaling step of our strat-
egy, we present the filtered equations and the specific subgrid
terms. They have already been exhibited in (Toutant et al., 2006;
Toutant et al., 2008; Labourasse et al., 2007), but we remind the re-
sults here for the sake of completeness.

3.1. DNS equations

In each phase, the flow is supposed to be incompressible and
isothermal. The mathematical formalism we use is the so-called
one-fluid formulation (Delhaye, 1974; Ishii, 1975). In this formal-
ism, any physical variable, /, is defined by / ¼

P
kvk/k where vk

is the phase indicator function (vk ¼ 1 in phase k and 0 elsewhere).
Using this formalism, three equations allow to describe the flow:

� the incompressibility constraint,
� the transport equation of the phase indicator function,
� the momentum equation.

They are respectively given by:

r � u ¼ 0 ð2aÞ

@vk

@t
¼ �u � rvk ð2bÞ

@qu
@t
þr � ðqu� uÞ ¼ �rpþ qgþ rjndr þr � ðlðruþrT uÞÞ

ð2cÞ

with

rvk ¼ �nkdr ð3Þ

where t is the time, u the velocity, p the pressure, q the density, l
the dynamic viscosity, n ¼ ng the unit normal to the interface (from
gas to liquid), j ¼ �rs � n the interface curvature (rs� is the surface
divergence operator), r the surface tension, which is assumed con-
stant in this paper and dr the Dirac function indicating the interface.
The system (2) is valid on the entire domain in the sense of
distributions.
3.2. Filtered equations

Let us note �� the volume filtering operation defined by:

�/ðx0Þ ¼
Z

R3
Gðx0 � xÞ/ðxÞdx ð4aÞ
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where G is the convolution kernel of the filtering operation1 (Fig. 3).
When G depends only on ðx0 � xÞ and is independent of the time t,
the volume filtering operation commutes with the spatial and the
time derivatives. We also define a surface filtering operation ��s:

�/sðx0Þ ¼

R
R3 Gðx0�xÞ/ðxÞ drðxÞdxR

R3 Gðx0�xÞ drðxÞdx
if

R
R3 Gðx0 � xÞdrðxÞdx – 0;

0 otherwise:

8<:
ð4bÞ

This surface filtering operation is such that:

/drðx0Þ ¼ �/sðx0Þdrðx0Þ ð5Þ

Applying the filtering operation (4a) to the one-fluid Eqs. (2), we
obtain:

r � �u ¼ 0 ð6aÞ

@vk

@t
þ �u � rvk þ sinterf ¼ 0 ð6bÞ

@ð�q�uþ stempÞ
@t

þr � ð�q�u� �uþ sconvÞ ¼ �r�p

þr � ð�lðr�uþrT �uÞ þ sdiff Þ þ �qgþ r�js �nsdr þ ssuperf ð6cÞ

where

sinterf ¼ u � rvk � �u � rvk ð7aÞ
stemp ¼ qu� �q�u ð7bÞ
sconv ¼ qu� u� �q�u� �u ð7cÞ

sdiff ¼ lðruþrT uÞ � �lðr�uþrT �uÞ ð7dÞ
ssuperf ¼ rjndr � r�js �nsdr ð7eÞ

Using Eq. (5), one gets jndr ¼ jnsdr. Thus, the subgrid term related
to the capillary force can be written:
1 This is a general writing of filtered quantities and the more classical expression
1=V

R
V /ðyÞdy enters into this general class, where V is the volume of the filtering

operation, e.g., (Toutant et al., 2008).
ssuperf ¼ rðjns � �js �nsÞdr ð8Þ

sinterf is the subgrid term related to the interface transport. This
term is due to the correlations between the velocity and the nor-
mal to the interface. These correlations exist because the interface
makes the velocity field anisotropic (Fig. 3). Obviously this term
has a zero contribution far from the interface (Fig. 3).
stemp; sconv ; sdiff and ssuperf are four specific tensors of the momen-
tum balance equation associated respectively to acceleration,
advection, viscous effects and capillary forces. Only the term re-
lated to advection sconv exists for single-phase flows. Although in
the single-phase case this term is due only to the velocity–veloc-
ity correlation, in the two-phase case it is due to the threefold
density–velocity–velocity correlation. Consequently, a part of this
term is specific to two-phase flows and is due to the density
discontinuity. The three other terms are purely specific to two-
phase flows. They are due to the discontinuity (Fig. 3) and have
a zero contribution far from the interface (Fig. 3). All these sub-
grid terms involve non-filtered quantities and cannot be evaluated
using only the filtered quantities. Thus, they have to be modeled.
To minimize the modeling work, we sort out the subgrid terms of
the momentum equation and exhibit the terms that can be
neglected.
3.3. Ordering of the subgrid terms

If the flow is so that

� the interface curvature radius are much larger than the filter size
and are not very distorted,

� the boundary layer at the interface is much larger than the filter
size,

the a priori tests realized thanks to several DNS of different kind of
flows give the following ordering for the magnitude of the different
subgrid terms and their energetic contributions (Toutant et al.,
2006; Toutant et al., 2008; Labourasse et al., 2007):



A. Toutant et al. / International Journal of Multiphase Flow 35 (2009) 1100–1118 1105
kr � ðsconvÞk >
@stemp

@t

���� ����� kr � ðsdiff Þk � kssuperf k ð9aÞ

jsconv : ruj > @stemp

@t
� u

���� ����� jsdiff : ruj � jssuperf � uj ð9bÞ

Consequently, we neglect the subgrid terms related to the viscous
effect sdiff and to the capillary forces ssuperf . The three other terms,
sinterf ; stemp and sconv , have to be modeled.

3.4. Closures

The three subgrid terms, sinterf ; stemp and sconv need to be mod-
eled. For this, we propose to use a scale similarity hypothesis of
the same type as in single-phase LES modeling. The similarity
hypothesis of the LES is based on the fact that the largest non-re-
solved scales of the flow act similarly to the smallest resolved
scales. Mathematically, the scale similarity models could be assim-
ilated to techniques of reconstruction (Sagaut, 2003). We thus pro-
pose the following models:

smeso
interf ¼ �u � rvk � ��u � rvk ð10aÞ

smeso
temp ¼ �q�u� ��q��u ð10bÞ

smeso
conv ¼ �q�u� �u� ��q��u� ��u ð10cÞ

However, if one aims at validating the scale similarity hypothesis
point by point, the presence of discontinuities and the double-filter-
ing operation of the scale similarity hypothesis raise the following
issue. The terms that need to be modeled are non-zero only in a re-
gion of thickness d surrounding the interface, where d is the size of
the filter (see Eq. (7e)). Now, because the scale similarity hypothesis
is based on a double-filtering operation, the corresponding terms
are non-zero on a region of thickness 2d surrounding the interface
(see Eq. (10c)). Therefore, to perform a point to point validation of
the model, it is necessary to adapt the scale similarity hypothesis.
This has been done and validated in our previous work (Toutant
et al., 2006; Toutant et al., 2008), where we proposed the following
model:

sve
interf ¼ �u � rvk � ��u � rvk ð11aÞ

sve
temp ¼ q�u� �q��u ð11bÞ

sve
conv ¼ q�u� �u� �q��u� ��u ð11cÞ

The superscript ve means validated expressions. The main idea be-
hind this new decomposition is the following (see Toutant et al.,
2006; Toutant et al., 2008 for details). The scale similarity hypoth-
esis consists in neglecting the Reynolds and cross terms compared
to the Leonard term in the Leonard and Germano decomposition.
Here, we make the same hypothesis with a new decomposition
where, in the Leonard term, the discontinuous quantities (i.e. den-
sity and the phase indicator function) are filtered only one time.
Thanks to this new decomposition, the Leonard term is equal to zero
when the subgrid term is equal to zero. Furthermore, we have shown
using several a priori tests that these expressions are valid and very
well correlated point to point to the subgrid terms (Toutant et al.,
2006; Toutant et al., 2008; Labourasse et al., 2007).

Thus, the expressions (11c) are valid in the transition region and
are zero when the subgrid terms are zero. However, these expres-
sions are not totally closed since they involve microscopic quanti-
ties (namely vk and q). Now, a closed model is needed at the
mesoscopic scale, in particular, in this study, to perform the second
up-scaling step. It turns out that, in the second up-scaling step, the
physical quantities defined in the interfacial region will be inte-
grated over the interfacial transition region to be assigned to the
interface through corresponding surface-excess quantities. Thus,
to obtain a validated closed model at the mesoscopic scale, we
need expressions whose integral over the interfacial thickness is
equal (at a given order) to the integral of the point to point vali-
dated model (11c) (that is not closed at the mesoscopic scale).
We can show that the scale similarity model (10c) satisfies this
condition, at least at the dominant order of the matched asymp-
totic expansion (see Appendix B for the proof of this property).
At this stage, the scale similarity model is validated in the sense
that its integral over the interface thickness is equal to the integral
of the point to point validated model and thus to the integral of the
original subgrid term (7e). This is why the scale similarity hypoth-
esis (10c) is used to close the system at the mesoscopic scale.

For the capillary force term r�js �ns dr, using Eqs. (3) and (5), and
the fact that the filtering operation commutes with the spatial
derivatives, one gets:

�nsdr ¼ ndr ¼ �rvg ð12Þ

Regarding the curvature, the quantity �js is not closed at the meso-
scopic scale. It depends on the unknown microscopic quantity j.
Thus, we introduce another estimate of the curvature at the meso-
scopic scale j�v, which is closed and defined in the transition region
as:

j�v ¼ �r � n�v where n�v ¼ �
rvg

jrvg j
ð13Þ

We showed in the previous section that the subgrid term associated
to the capillary force is negligible. Using this new estimation of the
mesoscopic curvature in the subgrid term ssuperf ¼ rð �jns � j�v �nsÞdr

should not change the order of magnitude of this term, which re-
mains negligible.

Using the model (10c), Eq. (12) and the new estimation of the
mesoscopic curvature, the system (6) becomes:

r � �u ¼ 0 ð14aÞ

@vk

@t
þ �u � rvk þ �u � rvk � ��u � rvk ¼ 0 ð14bÞ

@�q�u
@t
þr � ð�q�u� �uÞ ¼ �r�pþ @

��q��u� �q�u
@t

þr � ð��q��u� ��u

� qu� �uÞ þ r � ð�lðr�uþrT �uÞÞ
þ �qg� rj�vrvg ð14cÞ

At this stage, the equations at the mesoscopic or continuous LES le-
vel are closed. They do not depend on any non-filtered quantity. We
remind that the specific subgrid terms, smeso

interf and smeso
temp (closed by

Eqs. (10a) and (10b), respectively), have a zero contribution far from
the interface and that they represent the coupling between turbu-
lence and interfaces in the continuous transition zone. However,
as underlined in the introduction, we do not aim at solving the
problem at this level of description where the interface is a contin-
uous transition zone. For numerical reasons, we aim at stiffening
the interface. It is the purpose of the following section.
4. Interface and subgrid scales

This section deals with the up-scaling from the continuous LES
to the macroscopic or ISS level. During this up-scaling, the transi-
tion zone becomes again a discontinuity surface. The challenge of
the ISS concept is to determine

� the jump conditions at the under-resolved discontinuous inter-
face that take into account the interaction between turbulence
and interfaces,

� the transport equation of the under-resolved discontinuous
interface.
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As we will see, the jump conditions and the velocity of the
equivalent interface depend on the model related to the accelera-
tion subgrid term smeso

temp and the model related to the interface trans-
port smeso

interf respectively.

4.1. Form of the sought jump conditions

Before closing the jump conditions of the ISS level, their form
has to be determined first. The issue is the following: considering
two domains with their own equations, what expressions must
be modeled at their mutual boundary to close the problem?

In our case, the two domains are the domain of liquid and the
domain of the gas. The equations in each phase correspond to
the system (14) when we are far from the interface. In each phase
far from the interface, the density, q, and the viscosity, l, are con-
stant and the term related to surface tension is equal to zero. The
fact that the density is constant in each phase implies in particular
that the subgrid term related to acceleration is zero far from the
interface:

@smeso
temp

@t
¼ @

�q �u� �q �u
@t

¼ 0 ð15Þ

Noting respectively the velocity and the pressure of the filtered
problem at the ISS level ~uk and ~pk, in each phase k far from the inter-
face, the system (14) degenerates to:

r � ~uk ¼ 0 ð16aÞ

@qk
euk

@t
þr � ðqk

euk � eukÞ ¼ �repk þr � ðlkðreuk þrT eukÞÞ

þ r � ðqkðfuk �fuk �fuk �fukÞÞ ð16bÞ
These equations are those of the single-phase LES when one uses
the scale similarity hypothesis. However, these equations have to
be solved up to the interface and not only far away from the discon-
tinuity. Consequently, this single-phase system is extended until
the interface to define the macroscopic governing equations in each
phase. Doing this, errors in term of interfacial transfers are neces-
sarily done in the interfacial region. However, these interfacial
transfers not taken into account by the macroscopic model com-
pared to the mesoscopic one will be assigned to the interface
through the jump conditions.

The form of the sought jump conditions is determined using the
one-fluid formalism. As we have seen, this formalism consists in
using only one physical variable for the gas and the liquid thanks
to a phase indicator function. At the ISS level, the phase indicator
function is discontinuous but may be different from the one of
the DNS level. The precise definition of this phase indicator
function is related to the transport of the under-resolved discontin-
uous interface. It is an important modeling issue that we will
consider later. At this step we just note the phase indicator func-
tion ~vk and define the one-fluid variable of the ISS level ~/ by
~/ ¼̂

P
k
fvk
f/k . Let us also note:

fLk ¼̂ fuk �fuk �fuk �fuk

eSk ¼̂ lk rfuk þrTfuk

� �
Multiplying Eqs. (16a) and (16b) by the discontinuous filtered phase
indicator function, ~vk, and summing each of them over k, we obtain
the following equations:

r � ~u�
X

k

fuk � rfvk ¼ 0 ð17aÞ
@~q~u
@t
þr�ð~q~u� ~uÞ¼�r~pþr�ðeSÞþr�ð~qfLÞ

þ
X

k

qk
fuk
@fvk

@t
þðfpk I� eSkþqkðfuk �fuk �fLkÞÞ �rfvk

� �
ð17bÞ

These equations allow to determine the form of the boundary con-
ditions. Indeed, the boundary conditions are the jump of the normal
velocity (boxed term of Eq. (17a)) and the jump of the momentum
tensors (boxed term of Eq. (17b)). The previous system is not closed.
Indeed, we exhibit the form of the boundary conditions (boxed
terms) but they are not expressed as function of the one-fluid vari-
ables. The next step consists in using the continuous equations near
the interface to determine the jump conditions as functions of the
specific subgrid terms. We remind that in DNS case (i.e. at the
microscopic level), we have:

� jump condition related to mass conservation
X
k

uk � rvk ¼ 0 ð18aÞ
� jump condition related to momentum conservation
X
k

ðpkI� SkÞ � rvk ¼ �rðrs � nÞndr ¼ rjndr ð18bÞ

These conditions must be satisfied at the interface that is implicitly
defined by its transport equation:

@vk

@t
þ u � rvk ¼ 0 ð18cÞ

In diffuse interface models (Emmerich, 2003), the DNS jump condi-
tions are recovered by looking for the sharp-interface limit when
the thickness of the transition zone tends to zero. The major aim
of the present contribution is to find the jump conditions that the
LES equations with continuous interfaces exhibit when the interface
thickness tends to zero: what is the equivalent of the jump condi-
tions (18a) valid for the DNS scale for the filtered LES quantities?
As shown in the system (17), one has to determine:

� the jump condition related to the filtered mass equation
X
k

fuk � rfvk ð19aÞ
� the jump condition related to the filtered momentum equation
X
k

qk
fuk
@fvk

@t
þ ðfpk I� eSk þ qkðfuk �fuk �fLkÞÞ � rfvk

� �
ð19bÞ

These jump conditions will be imposed at the under-resolved dis-
continuous interface. The under-resolved discontinuous interface
is formally defined by the following transport equation

@fvk

@t
þ v ~r � rfvk ¼ 0 ð19cÞ

where v ~r is the velocity of the under-resolved discontinuous inter-
face, fvk . Expressing the velocity, v ~r, of the equivalent discontinuity,fvk , (Eq. (19c)) allows to follow the location where the jump condi-
tions have to be imposed. This step is as difficult as essential. It is
essential because a major objective is obviously the precise predic-
tion of the location of the interface. It is difficult because the inter-
face location depends on the effect of the subgrid velocity
fluctuations. Consequently, the velocity of the equivalent disconti-
nuity is different from the filtered one-fluid velocity.
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In the following, we show that applying the method of the
matched asymptotic expansions to the equations of the continuous
LES allows to close the equivalent discontinuous problem by pro-
viding closure relations for the system (19).

4.2. Matched asymptotic expansions

To perform the up-scaling from the continuous interface to the
sharp-interface limit, we use the method of matched asymptotic
expansions. This method is classical (Van Dyke, 1975; Zeytounian,
1986; Zwillinger, 1989) for the resolution of differential equations
in which a small parameter � is present. It is commonly used to
study diffuse interface problems, e.g. (Emmerich, 2003). It is based
on the following idea. An approximated problem of the continuous
problem is derived using a matched asymptotic expansion as the
interface thickness tends towards zero. This obtained approxi-
mated problem is discontinuous, is build such that it is a good
approximation (at a given order) of the continuous problem, and
its jump conditions at the interface are explicit. Thus, this method
allows to find the sharp-interface limit of continuous diffuse inter-
face problems.

More precisely, this method consists in dividing the resolution
domain of the mesoscopic level in different subregions: an outer
region, where the variables of the system are slowly varying and
an inner region, where these variables are rapidly varying. In our
study, the region where the filtering of the phase indicator function
is different from one or zero corresponds to the inner region where
the filtered density and viscosity are rapidly varying, while each
single-phase region (liquid or gas) is an outer region where the
density and the viscosity are constant. Then, a change of variable
is made in the inner region, since variations of order one are
expected to occur in this thin region. The solutions of the differential
equations are studied separately in each region, using an asymptotic
expansion and are then matched using matching principles.

This method is founded on Taylor expansions of partial deriva-
tive equations as a function of a small parameter: the non-dimen-
sional interface thickness, �. This small parameter is defined by the
comparison of two different characteristic length scales. In our
study, the large and small length scales correspond respectively
to the local radius of the interface Rb and the thickness of the inter-
facial transition zone d. Using these length scales, we have � ¼ d

Rb
.

This length scale analysis requires non-dimensional equations.

4.2.1. Non-dimensional equations
The equations that are made non-dimensional govern the flow

at the continuous LES level (system (14)). This step is very impor-
tant because it determines the Taylor expansions and thus the re-
sults. We use the following notation:

� Rb, local radius of the osculatory sphere to the interface,
� VT , bubble terminal velocity,
� d, thickness of the transition zone, i.e. the filter size,
� gn, norm of the vector gravity,
� ql and ll density and dynamic viscosity of the liquid phase.2

We introduce the following non-dimensional quantities:

� r ¼ 1
Rb
rþ,

� u ¼ VT uþ,
� t ¼ d

VT
tþ,

� p ¼ qlV
2
T pþ,

� q ¼ qlqþ and l ¼ lllþ.
2 We choose the values of the liquid phase to make non-dimensional the equations
because the non-dimensional numbers dedicated to study bubbly flows are based on
the liquid phase characteristics.
The previous definition of the non-dimensional time tþ is
founded on the characteristic scale corresponding to the thickness
of the transition zone d. It is a choice because it is also possible to
use the characteristic scale corresponding to the radius of the oscu-
latory sphere Rb. This choice is motivated by the fact that the non-
dimensional time, tþ, appears only when the thickness of the tran-
sition zone d is concerned. Typically, it is the case of the subgrid
term related to the acceleration stemp (Eq. (6c)) and of the term re-
lated to the time evolution of the phase indicator vk (Eq. (6b)). The
non-dimensional numbers required to write the non-dimensional
equations are:

� the small parameter � ¼ d
Rb

,
� the Reynolds number Re ¼ qlVT Rb

ll
,

� the Froude number Fr ¼ VTffiffiffiffiffiffiffi
gnRb

p ,

� and the Weber number We ¼ qlV
2
T Rb
r .

In the following, we omit the superscript + to lighten the nota-
tion. Because gravity does not introduce any closure issue, we con-
sider (without loss of generality) non-gravitational flows. The
dimensionless form of the system (14) is given by:

r � �u ¼ 0 ð20aÞ
1
�
@vk

@t
þ �u � rvk þ �u � rvk � ��u � rvk ¼ 0 ð20bÞ
1
�
@�q�u
@t
þr � ð�q�u� �uÞ ¼ �r�pþ1

�
@ð��q��u� �q�uÞ

@t
þr � ð��q��u� ��u� �q�u� �uÞ

þ 1
Re
r� ð�lðr�uþrT �uÞÞ� j�v

We
rvg ð20cÞ

The multiplication factor 1=� of the time derivative terms (the first
term of the left hand side of the transport of the filtered phase indi-
cator (20a), the first term of the left side and the second term of the
right hand side of the momentum Eq. (20b)) is due to the character-
istic length scale of these terms. Indeed, because these three terms
involve the filtered phase indicator function, we can consider that
their characteristic length scale is the thickness of the transition
zone. The first term of the left hand side of the transport of the fil-
tered phase indicator (20a) and the second term of the right hand
side of the momentum Eq. (20b) only exist into the inner region
(they are equal to zero in the outer region because �v ¼ cte and
q ¼ �q). Thus, their characteristic length scale must be the thickness
of the transition zone. However, the first term of the left hand side
of the momentum Eq. (20b) exists both in the inner and outer re-
gions. Consequently, its characteristic length could be the macro-
scopic length scale Rb or the microscopic one d. Because we focus
our study on the interface, we choose to make this term non-dimen-
sional using the microscopic length scale (the same length scale as
for the other terms). We will show that this choice implies that at
order zero in � the macroscopic velocity is stationary. This means
that interfacial phenomena and especially the time evolution of
the phase indicator function (i.e. the transport of the interface) are
very fast compared to the phenomena of the outer regions and
especially the time evolution of the macroscopic velocity. Conse-
quently, in first approximation, the interface is moved by a station-
ary velocity.

To study the system (20c), we need to work with orthogonal
curvilinear coordinates to dissociate the tangential and normal
directions. We choose the orthogonal curvilinear coordinates
ðn1; n2; n3Þ associated to the ISS filtered discontinuous interface evg

(see Appendix A for the definitions and properties of the local
orthogonal curvilinear coordinates). The ISS filtered discontinuous
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surface cannot be explicitly defined at this stage. It will be defined
later in Section 4.3.1. However we know that it is located within
the transition region, close to the surface vg ¼ 1=2:ðn1; n2Þ are the
surface coordinates related to the directions of the principal curva-
tures and n3 is the signed distance to the interface (Fig. 4). In the
following sections, we also use the scale factors or Lamé coefficient
of each principal directions h1 and h2 and the principal curvatures
j1 and j2 (Appendix A).

4.2.2. Inner region
To study the inner region, a new space variable that widens the

coordinate normal to the interface is introduced. This new space
variable allows to make interfacial phenomena preponderant. It
is defined by:

n ¼̂ n3

�
; with � ¼̂ d

Rb
ð21Þ

Let / be any physical variables. In the inner region, we introduce �/

�/ðn1; n2; nÞ ¼ / n1; n2;
n3

�

� �
ð22Þ

and the solution of the system (20) is sought for in the form:

�/ðn1;n2;n;�Þ¼ �/0ðn1;n2;nÞþ� �/1ðn1;n2;nÞþ�2 �/2ðn1;n2;nÞþOð�3Þ
ð23Þ

To expand the system (20) in the inner region, we need to specify
the density and viscosity variation in the inner region. The filtered
phase indicator function �v on which the density and the viscosity
depend, is rapidly varying in the direction normal to the interface
in the inner region. At this point, we only assume that this function
varies as n ¼ n3=�. It only implies that the filtered phase indicator
function ��v (and thus ��q and ��l) does not depend on � and thus that
series of �vk on � is reduced to the order zero: ��vk ¼ �v0

k .
In the following, the system (20c) is written using the new var-

iable n defined above. A multiplication factor 1=� thus appears in
front of spatial derivatives along the normal direction. These terms
are preponderant and allow to define a simplified system.

4.2.2.1. Incompressibility constraint. Let us note ��uðiÞ the ith compo-
nent of the vector ��u in the orthogonal curvilinear coordinates asso-
ciated to the interface fgig (Appendix A). In this basis, we have:

r� ��u¼ 1
h1h2

h2
@��uð1Þ
@n1

þh1
@��uð2Þ
@n2

þh1h2
1
�
@��uð3Þ
@n
� ��uð3Þðj1h2þj2h1Þ

"

�� n ��uð1Þ@j2

n1
þ ��uð2Þ@j1

n2

� �	
¼ 0 ð24Þ
ξ1

ξ2

ξ3

Interface

Fig. 4. Orthogonal curvilinear coordinates.
Applying the relation (23) to / ¼ �uðiÞ in the Eq. (24) multiplied by
h1h2 and using the Taylor expansion of hi in �ðhi ¼ 1� �nji

þOð�2Þ; i ¼ 1;2Þ, one finds:

� order 0
@��u0ð3Þ
@n

¼ 0 ð25aÞ
� order 1 (using (25a))

��0 ��0 ��1
@u ð1Þ
@n1

þ @u ð2Þ
@n2

þ @u ð3Þ
@n

� ��u0ð3Þðj1 þ j2Þ ¼ 0 ð25bÞ

Eq. (25a) shows that at order zero the normal velocity is constant in
the direction normal to the interface.

4.2.2.2. Conservation of momentum. Let us note

T ¼̂ smeso
temp ¼ �q�u� ��q��u ð26aÞ

C ¼̂ smeso
conv ¼ �q�u� �u� ��q��u� �u ð26bÞ

�T ¼̂ ��q��u� ���q���u ð26cÞ

�C ¼̂ ��q��u� ��u� ���q���u� ���u ð26dÞ

and for example C0 the order zero of the tensor C. Furthermore to
lighten the notation, let us write spatial derivatives along the direc-
tion i as follows:

/;i ¼̂
@/
@ni

ð27Þ

Similarly to the incompressibility constraint and using Eq. (A.18a)
the relation (20b) along g1 yields:

� order 0
0
� �
��l��u ð1Þ;3
;3
¼ 0 ð28aÞ
� order 1
��0 �0 � �
@�q�u
@t
ð1Þþð��q��u0ð1Þ��u0ð3ÞÞ;3¼�

@T
@t
ð1Þ� �C0

13
;3

þ 1
Re

��l��u1ð1Þ;3þ ��l��u0ð3Þ;1þj1
��l��u0ð1Þ

� �
;3

�j1

Re
��l��u0ð1Þ;3þn ��l��u0ð1Þ;3

� �
;3

� �
�j1þj2

Re
��l��u0ð1Þ;3
� �

ð28bÞ
Using (A.18b), the relation (20b) along g yields:
2

� order 0
0
� �
��l��u ð2Þ;3
;3
¼ 0 ð29aÞ
� order 1

��0 � � �0 � �
@�q�u
@t
ð2Þþ ��q��u0ð2Þ��u0ð3Þ

;3
¼ �@T

@t
ð2Þ� �C0

23
;3

þ 1
Re

��l��u1ð2Þ;3þ ��l��u0ð3Þ;2þj2
��l��u0ð2Þ

� �
;3

�j2

Re
��l��u0ð2Þ;3þn ��l��u0ð2Þ;3

� �
;3

� �
�j1þj2

Re
��l��u0ð2Þ;3
� �

ð29bÞ
Using (A.18c), the relation (20b) along g3 yields:
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� order 0
� �
A. Toutant et al. / International Journal
��l��u0ð3Þ;3
;3
¼ 0 ð30aÞ
� order 1
@��q��u0

@t
ð3Þþ ��q��u0ð3Þ��u0ð3Þ

� �
;3
¼ �@

�T0

@t
ð3Þ� �C0

33

� �
;3
���p0

;3�
1

We
�j0

�v
��vg ;3

þ 2
Re

��l��u1ð3Þ;3
� �

;3
þ 1

Re
��l��u0ð1Þ;3
� �

;1

þ 1
Re

��l��u0ð2Þ;3
� �

;2
�j1þj2

Re
��l��u0ð3Þ;3
� �

ð30bÞ

Eqs. (28a), (29a) and (30a) at order zero show that the viscous ef-
fect are preponderant in the interfacial region. We will see in Sec-
tion 4.2.4.1 that it implies that, at order zero, the velocity does
not depend on the normal coordinate n.

4.2.3. Outer region
In this region, we are far from the interfacial zone. The filtered

phase indicator function and consequently the density and the vis-
cosity are assumed to be constant in each phase. In this condition,
the interfacial terms tend to zero and the system (20c) becomes:

r � �uk ¼ 0 ð31aÞ

1
�
@�qk �uk

@t
þr � ð�qk �uk � �ukÞ ¼ �r�pk þr � �qk �uk � �uk � �uk � �uk


 �
 �
þ 1

Re
r � �lk r�uk þrT �uk

� �� �
ð31bÞ

In particular, in the momentum equation, it is the subgrid term with
the multiplication factor 1=� and the term related to the capillary
forces that degenerates to zero. As expected given the construction
of the macroscopic model, this system corresponds to the classical
equations of LES single-phase flows when the scale similarity
hypothesis is used. The solutions of the outer region are sought
for in the form:

/kðn1; n2; n3; �Þ ¼ /0
kðn1; n2; n3Þ þ � /1

kðn1; n2; n3Þ þ Oð�2Þ ð32Þ

Using this relation does not modify the compressibility constraint.
Whatever the order i in �, one has:

r � �ui
k ¼ 0 ð33aÞ

It can be shown that the momentum equation yields the following
equations:

� order 0
@�qk �u0
k

@t
¼ 0 ð33bÞ
� order i P 1

i
@�qk �uk

@t
þr� ð�qk �ui�1

k � �ui�1
k Þ ¼ �r�pi�1

k

þr� �qk
��ui�1

k � ��ui�1
k � �ui�1

k � �ui�1
k

� �� �
þ 1

Re
r� �lk r�ui�1

k þrT �ui�1
k

� �� �
ð33cÞ

In each outer region, the flow is stationary at order zero in �. It
means that in first approximation -order zero- the time evolution
of the interfacial phenomena is faster than the time evolution of
the macroscopic quantities (i.e. quantities of the outer regions).
Thus, at order zero, the interface is moved by a stationary velocity
field.
4.2.4. Jump conditions
In order to solve completely the momentum equation and the

incompressibility constraint in each region, boundary conditions
are required. The missing boundary conditions are obtained by
matching the solutions of the different regions. These matching
conditions of any physical variable /� �/ in the inner region- are
determined assuming that for the outer regions, the inner region
is viewed as a surface located at n3 ¼ 0 and that in the inner region,
the outer value is asymptotically reached:

lim
n!�1

�/ ¼ lim
n3!0�

/ ð34Þ

The above relation means that the parameter � is small enough to
allow n3 ! 0, although n ¼ n3=�! þ1. Identifying the coefficients
of epsilon polynomial of �/ with the Taylor expansion of / in zero
(Fouillet, 2003; Zwillinger, 1989), one finds the following relations
at order zero:

lim
n!�1

�/0 ¼ lim
n3! 0�

/0 ð35aÞ

lim
n!�1

d�/0

dn
¼ 0 ð35bÞ

lim
n!�1

d�/1

dn
¼ lim

n3!0�

d/0

dn3
ð35cÞ
4.2.4.1. Velocity jump conditions. In the inner region, the order zero
of the momentum equation along the directions tangential to the
interface (Eqs. (28a) and (29a)) yields

��u0ðiÞ;3 ¼
Cti

��l
i ¼ 1;2 ð36Þ

where Ct1 and Ct2 are two functions independent of n. Because ��l is
bounded by lg and ll, the matching condition (35b) implies that
Ct1 ¼ Ct2 ¼ 0 and that:

��u0ðiÞ;3 ¼ 0 i ¼ 1;2 ð37Þ

Consequently, ��u0ð1Þ and ��u0ð2Þ are independent of n.
The matching condition (35a) implies that the velocity compo-

nents tangential to the interface are continuous at order zero:

��u0ð1Þ ¼ �u0ð1Þjþ ¼ �u0ð1Þj� ð38aÞ
��u0ð2Þ ¼ �u0ð2Þjþ ¼ �u0ð2Þj� ð38bÞ

Physically, we recover the classical jump conditions of the DNS le-
vel. In the tangential directions, the length scale d, where the shear
intervenes, is so small compared to the other characteristic length
scales that any velocity gradients cannot develop. Consequently,
there is no-slip between the two phases.

The order zero of the incompressibility constraint in the inner
region (Eq. (25a)) implies that ��u0ð3Þ is independent of n. According
to the matching condition (35a), the normal component of the
velocity is continuous at order zero:

��u0ð3Þ ¼ �u0ð3Þjþ ¼ �u0ð3Þj� ð38cÞ

The jump condition for the normal velocity corresponds also to the
classical condition of the DNS level: the filtering operation does not
introduce any subgrid mass or volume transfer.

Finally, at order zero, the jump condition for the filtered velocity
is the same as for DNS:

�u0jþ � �u0j� ¼ 0 ð39Þ
4.2.4.2. Tensor jump conditions. Using the fact that ��u0 is indepen-
dent of n(Eq. (38)), Equations (28b), (29b) and (30b) become in a
dimensional form:
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��l��u1ð1Þ;3
� �

;3
þ ��l��u0ð3Þ;1
� �

;3
þ j1

��l��u0ð1Þ
� �

;3

¼ @
��q��u0

@t
ð1Þ þ @

�T0

@t
ð1Þ þ ��q��u0ð1Þ��u0ð3Þ þ �C0

13

� �
;3

ð40aÞ

��l��u1ð2Þ;3
� �

;3
þ ��l��u0ð3Þ;2
� �

;3
þ j2

��l��u0ð2Þ
� �

;3

¼ @
��q��u0

@t
ð2Þ þ @

�T0

@t
ð2Þ þ ��q��u0ð2Þ��u0ð3Þ þ �C0

23

� �
;3

ð40bÞ

���p0
;3 � r�j0

�v
�vg ;3 þ 2 ��l��u1ð3Þ;3

� �
;3

¼ @
��q��u0

@t
ð3Þ þ @

�T0

@t
ð3Þ þ ��q��u0ð3Þ��u0ð3Þ þ �C0

33

� �
;3

ð40cÞ

The matching conditions (35) make appear the order zero of the
outer regions and the order 1 of the inner region. In order to use
these relations, we combine these orders of the outer and inner re-
gions. Integrating the subtraction between the Eqs. (40) related to
the order 1 of the momentum balance equation in the inner region
and Eq. (33b) related to the order zero in the outer region, the tech-
nical calculus presented in Appendix C finally give, using the origi-
nal notations:

ðS0 � �p0IÞjþ � ðS0 � �p0IÞj�
� �

� ~nþ r~j~n

� �q �u0 � �u0 þ smeso0
conv


 �
jþ � �q �u0 � �u0 þ smeso0

conv

 �

j�

 �

� ~n

¼ Il þ Ig þ
Z þ1

�1

@smeso0
temp

@t
dn3 ð41Þ

where Il and Ig are defined by

Il ¼
Z þ1

0

@

@t
��q��u0 � ql

�u0
l

� �
dn ð42aÞ

Ig ¼
Z 0

�1

@

@t
��q��u0 � qg

�u0
g

� �
dn ð42bÞ

The integrals appearing in the right hand side of Eq. (41) are the sur-
face-excess quantities associated to the time evolution of qu and its
associated subgrid term smeso

temp . As explained in Section 2.2, they take
into account the coupling between turbulence and interface that is
not seen by the macroscopic model in the transition zone and con-
centrate its effect at the discontinuity.

The ISS jump condition of the momentum (41) is similar to the
DNS situation. However, the force at the interface is different. The
three terms Il þ Ig þ

Rþ1
�1 @ðsmeso0

conv Þ=@t dn3 added to the capillary
forces take into account the defect of kinetic energy transfer at
the interface. Contrary to the capillary forces these three terms
have non-zero contribution in the tangential directions.

At this stage, the jump conditions of the velocity (39) and of the
momentum (41) have been determined. These jump conditions al-
low to take into account the interfacial transfers not described by
the macroscopic level compared to the mesoscopic one. Thus, the
macroscopic problem is equivalent to the mesoscopic one. The dis-
continuity of the macroscopic level is a reconstruction of the inter-
face inside the transition zone of the mesoscopic level. The jump
conditions must be imposed at this equivalent interface. In the
next section, we study the problem of the equivalent interface
location (i.e. its transport equation).

4.2.5. Velocity of the filtered discontinuous interface
Because the interface allows to define the local orthogonal cur-

vilinear coordinates, the transport equation of the interface is
linked to the velocity of the local coordinates. To determine its
velocity, we use the transport equation and the Lagrangian deriva-
tive (related to the local coordinates) of the filtered phase indicator
function. Seeing that the interface is non-material, only the defini-
tion of the normal velocity is required. Using the transport equa-
tion of the interface at the mesoscopic level (20a), one gets at
order zero (we recall that ��vk ¼ ��v0

k):

@��vg

@t
þ ��u0 � g3

�vg ;3 þ ��u0 � g3
�vg ;3 � ��u0 � g3

�vg ;3 ¼ 0 ð43Þ

To obtain the velocity of the filtered discontinuous interface, this
equation is integrated along the normal direction. To perform this
integration we have to permute time derivation and spatial integra-
tion, thus we first need to introduce the Lagrangian derivative D=Dt.
Using the non-dimensional variable introduced in this paper, the
link between the Eulerian derivative @=@t and the Lagrangian deriv-
ative D=Dt is

1
�

Dvg

Dt
¼ 1
�
@�vg

@t

����
x
þ v � r�vg ð44Þ

where v is the velocity of the local coordinates ðg1; g2;g3Þ. Let OM be
the position vector, this velocity is:

v ¼ DOM
Dt

ð45Þ

Using the inner space variable n ¼̂ n3=� (Eq. (21)), Eq. (44) becomes
at order zero:

D �vg

Dt
¼ @

��vg

@t

�����
x

þ v0
3
@��vg

@n
ð46Þ

Combining the Eqs. (43) and (46), one gets:

v0
3
@��vg

@n
¼ ��u0 � g3

�vg ;3 þ
D �vg

Dt
þ ��u0 � g3

�vg ;3 � ��u0 � g3
�vg ;3 ð47Þ

In order to simplify the last two terms in the last equation, we intro-
duce a filtering operation restricted to the surface (see Fig. 5). Let
/ðn1; n2; nÞ be any physical variable continuous in particular across
the interface. Using local orthogonal curvilinear coordinates, we
define the filtering operation ��r restricted to the surface in a non-
dimensional form as

�/r n0
1; n

0
2


 �
¼̂
Z

R2
Gr n0

1 � n1; n
0
2 � n2


 �
/ðn1; n2; n ¼ 0Þdn1 dn2 ð48Þ

where Gr is a two-dimensional convolution kernel. In this paper, we
assume that the three-dimensional kernel Gðn1; n2; nÞ can be
decomposed as Gðn1; n2; nÞ ¼ G12ðn1; n2ÞG3ðnÞ where G12 and G3 are
two- and one-dimensional kernels, respectively. It means that the
filtering operations in the tangential and in the normal directions
are independent. This approximation is valid only if the principal
curvatures of the interface are varying slowly in the direction nor-
mal to the interface over the filter size. Thus, we choose Gr ¼ G12.

Using this filtering operation, the fact that the order zero of the
velocity is constant in the inner region (38), the decomposition of
the kernel G, the fact that �vg ;3 does not depend on n1 and n2 over
the filter size and the following equalityZ þ1

�1

@��vg

@n
dn ¼ vg jþ � vg j� ¼ �1; ð49Þ

we deduce that:Z þ1

�1

��u0 � g3
�vg ;3dn ¼ ��u0 � g3

r ð50Þ

andZ þ1

�1

��u0 � g3
�vg ;3dn ¼ ��u0r � g3

r ð51Þ
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Fig. 5. Schematic representation of the different filtering operations.
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Thus, the integral along the normal direction of Eq. (47) yields:

v0
3ðn1; n2Þ ¼ �u0 � g3 �

Z þ1

�1

D��vg

Dt
dnþ �u0 � g3

r � �u0r � g3
r ð52Þ

To get the above equation, one uses the fact that the normal velocity
v0

3 does not depend on n3. Indeed, using Eqs. (45) and (A.2), we
have:

@v3

@n3
¼ @v � g3

@n3
¼ @v
@n3
� g3 þ v � @g3

@n3
¼ @v
@n3
� g3

¼ @

@n3

DOM
Dt

� �
� @OM
@n3

¼ 1
2

D
Dt

@OM
@n3

� @OM
@n3

� �
¼ 1

2
Dðg3 � g3Þ

Dt
¼ 1

2
D1
Dt
¼ 0 ð53Þ

The relation (52) shows that in order to evaluate the velocity of the
interface v0

3 the normal fluid velocity must be corrected by taking
into account the correlation between the velocity and the normal
and the surface-excess quantity associated to the time evolution
of the filtered phase indicator.

At this stage, the jump conditions at order zero have been deter-
mined. However, the surface-excess quantities Il þ Ig in the
momentum jump conditions (41) and

Rþ1
�1 D��vg=Dtdn in the trans-

port Eq. (52) have to be closed. This is done in the following by
defining the equivalent discontinuous problem at the macroscopic
level.

4.3. Filtered discontinuous equations

4.3.1. Definition of the discontinuous problem
In Section 4.1, we introduced the notation� to denote the phys-

ical quantities of the equivalent discontinuous problem that corre-
sponds to the macroscopic level:

� the phase indicator function ~vg ,
� the pressure ~p and
� the velocity ~u.

Thanks to the matched asymptotic expansions, we determine
the jump conditions of the outer region at order zero. We define
the discontinuous problem as the order zero of the outer region.3
3 It is a choice because the equivalent discontinuous problem could be defined at
an arbitrary order of the outer region. To be more precise, it would be interesting to
determine the jump conditions of the outer region at the order 1.
The velocity and the pressure are fully defined by the quantities of
the outer region

~u ¼̂ �u0 ð54aÞ
~p ¼̂ �p0 ð54bÞ

but for ~vg , we have a degree of freedom. Indeed, the boundary be-
tween the liquid and the gas phases at the macroscopic level could
be everywhere inside the inner region of the mesoscopic level
(Chandesris and Jamet, 2006; Chandesris and Jamet, 2007). In order
to simplify the equations, we choose to impose local mass
conservationZ

V
ð~vg � vgÞdV ¼ 0 ð55Þ

where V is the elementary control volume containing the inner re-
gion of the mesoscopic level. Because there is only one solution to
conserve the local mass, this constraint defines ~vg , i.e. the location
of the equivalent discontinuous interface. The normal, ~n, and the
mean curvature, ~j, of the filtered discontinuous interface are de-
duced from ~vg (and have already been used):

~nd~r ¼̂ � r~vg ð56aÞ
~j ¼̂ � rs � ~n ð56bÞ

We recall that in our coordinate system ~n ¼ g3.

4.3.2. Transport equation of the filtered sharp-interface
In this section, we are going to express the velocity of the fil-

tered discontinuous interface v ~r thanks to the known quantities
~vg ; ~p and ~u.

4.3.2.1. Use of the macroscopic variables. The transport equation of
the equivalent interface is defined by:

@~vg

@t
þ v~r � r~vg ¼ 0 ð57Þ

Because the interface is non-material, only the normal velocity is
useful, we assume that:

v~r ¼ v ~r ~n ð58Þ

Because the velocity v ~r is the velocity of the local coordinates, one
gets:

v ~r ¼̂ v0
3 ð59Þ

The velocity v0
3 is given by Eq. (52). Replacing in this Eq. (52) the

velocity of the outer regions at order zero, �u0, by the velocity of
the equivalent discontinuous problem ~u (Eq. (54a)), we have:

v ~r ¼ ~u � ~n�
Z þ1

�1

D��vg

Dt
dnþ ~u � ~nr � �~ur � �~nr ð60Þ

The equation above defines the velocity of the equivalent interface
with the macroscopic variables. However, the integral term de-
pends on the filtered phase indicator that is a mesoscopic variable.
In the following, a closure in term of macroscopic variables is pro-
posed for this term.

4.3.2.2. A closure for the time evolution of the filtered phase
indicator. In order to evaluate the time evolution of the filtered
phase indicator, we need to specify an interface and a filter. We
choose the surface that is described in the following paragraph be-
cause it is the simplest one after the plane and the sphere that are
supposed to be too bad approximations of an interface that inter-
acts with turbulence. Regarding the filter, we also have to make
a choice to have an approximated expression of the filtered phase
indicator. The spherical filter is chosen because it is a good estima-
tion of the numerical filter and its isotropy simplifies the algebra. It



Fig. 7. Geometrical notations.
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is the only time, we need to choose a particular filter for the ISS
model.

We note / the angle around the normal. / ¼ 0 and / ¼ p
2 corre-

spond to the directions of the principal curvatures (Fig. 6). At a gi-
ven point of the surface bubble, we approximate the interface by a
surface whose curvature j/ is linearly varying with the angle / be-
tween the principal curvatures:

j/ ¼
1

R/
¼ 2

p
ðj2 � j1Þ/þ j1 for / 2 0;

p
2

h i
ð61Þ

On p
2 ;2p
� 

the curvature is defined by symmetry. Fig. 6 shows
examples of such surfaces. Using cylindrical coordinates, a spherical
filter and the notations of Fig. 7, the filtered phase indicator a ¼ vg

is for z 2 ½�r; r	:

aðzf ; r;R1;R2Þ ¼ 4
Z /¼p

2

/¼0

Z z¼zp

z¼zf�r

Z l¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� z�zfð Þ2

q
l¼0

ldldz

0B@
þ
Z z¼0

z¼zp

Z l¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

/�ðR/þzÞ2
p

l¼0
ldldz

1Ad/ ð62Þ

After some algebra, one gets for z 2 ½�r; r	:

aðz;r;R1;R2Þ¼
1

16r3 ðr�zÞ2


 zþ2rþ3
z
ðrþzÞ2

ln 1þ z
R2

� �
� ln 1þ z

R1

� �
z 1

R2
� 1

R1

� � � r2

0@ 1A0@ 1A
ð63Þ

The time derivative of the filtered phase indicator function is ex-
pressed thanks to the time evolution of the principal radius as
follows:

D�vg

Dt
¼ DR1

Dt
@�vg

@R1
þ DR2

Dt
@�vg

@R2
ð64Þ
Fig. 6. Anisotropic approxima
Using the definition of the mean curvature and Eq. (63), the excess
quantity of the time derivative of the filtered phase indicator func-
tion becomes:Z r

�r

D�vg

Dt
dn3 ¼ �

r2

10
Dj
Dt
þ HOT ð65Þ

Finally, using the time evolution of the mean curvature (Appendix D
Eq. (D.19)) and Eqs. (57) and (56a), the transport equation of the fil-
tered discontinuous interface is the following:

@~vg

@t
¼ v ~rd~r ð66aÞ

v ~r ¼ ~u � ~nþ ~u � ~nr � ~ur � ~nr
� �

þ r2

10
ðDsðv ~r ~nÞ � ~n

þ 2rsðv ~r ~nÞ : rsð~nÞÞ þ HOT ð66bÞ
tion of a surface ðR1 ¼ 1Þ.
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This expression is implicit because the time evolution of the filtered
discontinuous phase indicator function is known as a function of it-
self. In a priori tests (Toutant et al., accepted for publication), we
show that a simple fixed point method is able to correctly evaluate
the evolution of the phase indicator function. The term related to
the time evolution of the curvature contains a surface Laplacian.
In single-phase flow, the Laplacian is used by the techniques of
reconstruction (Sagaut, 2003). It allows to estimate the effect of
the velocity subgrid fluctuations on the filtered velocity. Here, the
surface Laplacian estimate the effect of the velocity subgrid fluctu-
ations on the interface geometry. The coefficients 1 of the correla-
tion between the velocity and the normal and r2

10 of the curvature
time evolution depend on the type of the filter (here, a spherical fil-
ter has been used). It is necessary to evaluate them again and they
are parameters of the closure that we propose. Obviously, the pro-
posed models vanish as the filter size r tends to zero. Last but not
least, they are built to respect mass conservation: a bubble keeps
its volume until break-up or coalescence occurs. The proposed mod-
els modify the bubble shape. Thus the bubble friction surface and its
terminal velocity are rectified.

4.3.3. Incompressibility constraint
At order zero, the velocity is continuous across the interface.

Consequently, the incompressibility constraint remains the same:

r � ð~uÞ ¼ 0 ð67Þ
4.3.4. Momentum equations
Thanks to the matched asymptotic expansions, we have deter-

mined the jump conditions of the outer problem at order zero.
The particular choice of the filtered discontinuous interface
location allows to simplify the surface-excess quantity defined by
Eq. (42b). Indeed, using the Lagrangian derivative (Eq. (46)), we
have:

Il ¼
Z þ1

0

@

@t
��q��u0 � ql

�u0
l

� �
dn

¼
Z þ1

0

D
Dt

��q��u0 � ql
�u0

l

� �
� v0

3
@

@n
��q��u0 � ql

�u0
l

� �� 	
dn ð68Þ

Since ��uðn1; n2; nÞ ¼ �uðn1; n2;
n3
� Þ and since, at order zero, ��u0 does not

depend on n, one gets:

~u ¼ ��u0 ¼ �u0 ð69Þ

The integral Il becomes:

Il ¼
D
Dt

~u
Z þ1

0

��q� ql

� �
dn

� �
� v0

3
~u
Z þ1

0

@��q
@n

dn ð70aÞ

And similarly, we obtain for Ig:

Ig ¼
D
Dt

~u
Z 0

�1
��q� qg

� �
dn

� �
� v0

3
~u
Z 0

�1

@��q
@n

dn ð70bÞ

Adding up these integrals, one finds:

Il þ Ig ¼
D
Dt

~u
Z þ1

�1
��q� ~q
� �

dn

� �
� v0

3
~u
Z þ1

�1

@��q
@n

dn ð70cÞ

The choice of the interface location (Eq. (55)) implies that the excess
quantity related to the density is equal to zero:Z þ1

�1
ð��q� ~qÞdn ¼ 0 ð71Þ

By definition of the sharp-interface velocity (Eq. (59)), we have:

v0
3d~r ¼

@~vg

@t
¼ � @

~vl

@t
ð72Þ
Finally, noting that
Rþ1
�1

@��q
@n dn ¼ ql � qg , it comes:

d~rðIl þ IgÞ ¼
X

k

qk
~uk
@~vk

@t
ð73Þ

Thanks to this new writing and according to the definition (54b),
the momentum jump condition (Eq. (41)) is at order zero:

X
k

qk
~uk
@~vk

@t
þ ðfpk I�fSk þ qkðfuk �fuk � fLkÞÞ � r~vk

� �

¼ r~j~n�
Z þr

�r

@ð~q~u� �~q�~uÞ
@t

dn3

 !
d~r ð74Þ

In this equation, we recover the DNS jump conditions corrected by a
model that takes into account the subgrid interaction between
interface and turbulence. With the proposed model, the integral
of the time evolution of the correlations between density and veloc-
ity is added to the capillary forces. Contrary to the capillary forces
this term has a non-zero contribution in the tangential directions.
Indeed, at the macroscopic level, the transfers of kinetic energy
across the interface are underestimated. The tangential contribution
allows to correct this defect.

4.3.5. System of discontinuous filtered equation
We have established the following system of equations

� incompressibility constraint:
r � ð~uÞ ¼ 0 ð75aÞ
� filtered discontinuous interface transport:
@~vg

@t
¼ v ~rd~r

v ~r ¼ ~u � ~nþ ð~u � ~nr � ~ur � ~nrÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
I

þ r2

10
ðDsðv ~r ~nÞ � ~nþ 2rsðv ~r ~nÞ : rsð~nÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

II

ð75bÞ
� momentum balance equation:
@~q~u
@t
þr � ð~q~u� ~uÞ ¼ �r~pþr � ðeSÞ þ r � ð~qfLÞ

þ r~j~n�
Z þ1

�1

@ð~q~u� �~q�~uÞ
@t|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
III

dn3

0BB@
1CCAd~r ð75cÞ

When the filter size tends to zero, these equations tend naturally to-
ward the DNS equations. Indeed, the terms specific to ISS are
weighted by r2 or are correlations.

In Eqs. (75b) and (75c), the terms denoted I and III correspond
to a kind of interfacial scale similarity hypothesis. These terms
are actually consequences of the scale similarity hypothesis used
to model sinterf and stemp (cf. Eqs. (10a) and (10b)) at the mesoscopic
scale. The term denoted II in Eq. (75b) is not related to the assump-
tion made to close the model at the mesoscopic scale and will ap-
pear whatever the mesoscopic model because we remind that it
comes from the time evolution of the mean interface curvature
(cf. Appendix D). However, the methodology presented using the
method of matched asymptotic expansions could be used as it is
using another closure model at the mesoscopic scale instead of
the scale similarity hypothesis. Corresponding jump conditions
would be obtained in which excess quantities corresponding to
the terms I and III of the present model would depend on this other
closure model. Thus, we believe that the methodology presented is
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general in the sense that it is not associated to a particular form of
the closure used at the mesoscopic scale.
5. Conclusions and perspectives

We propose an original method to define mathematically a dis-
continuous filtered interface. It consists in applying a centered fil-
ter all over the domain and thus possibly crossed by an interface.
This operation smears out the interface that thus becomes a con-
tinuous transition zone. Then, we make this transition zone tends
toward an equivalent discontinuity. This explicit filtering approach
mimics the implicit filter of numerical methods that deal with dis-
continuous interfaces. Moreover, this approach enables us to deter-
mine the jump conditions of the filtered quantities. We find that,
like DNS, the velocity is continuous across the interface and that,
unlike DNS, the jump conditions related to the momentum equa-
tion cannot be modeled by the sole surface tension. Indeed, the ex-
cess quantity of the density-velocity correlation has to be added to
the capillary force to accurately account for the subgrid kinetic en-
ergy transfers across the interface. Unlike the capillary force, this
new force has components tangential to the interface. Further-
more, we show that the filtered discontinuous interface cannot
be moved by simply using the filtered fluid velocity. Two addi-
tional terms appear in the expression for the interface velocity: a
surface scale similarity term that takes into account the correlation
between the velocity and the normal to the interface and the time
evolution of the curvature that takes into account the effect of the
velocity subgrid fluctuations on the interface geometry. Finally,
using these new jump conditions, we determine the one-fluid
equations for filtered quantities.

In the part 2, we realize a DNS of a fully deformable bubble
interacting with a grid turbulence to validate the proposed jump
conditions thanks to a priori tests (Toutant et al., accepted for
publication).

Current investigations deal with the implementation of the pro-
posed models. Their accuracy and the gain that they allow com-
pared to DNS are investigated thanks to a posteriori tests.
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Appendix A. Local orthogonal curvilinear coordinates

Let ðn1; n2; n3Þ be the local curvilinear coordinates related to the
ISS filtered discontinuous interface. ðn1; n2Þ are the surface coordi-
nates and n3 the normal coordinate. At each point M, we have

OM ¼ r0ðn1; n2Þ þ n3 ~n ðA:1Þ

where ~n is the unit normal to the ISS filtered discontinuous inter-
face (Anderson et al., 2001; Garrigues, 1999; Aris, 1962). Let us note
ðt1; t2Þ the unit tangent vectors related to the principal curvatures.
These two directions are orthogonal (Garrigues, 1999). The natural
basis fgig associated to these coordinates is defined by:

gi ¼
@OM
@ni

ðA:2Þ

We have

g1 ¼ ð1� n3j1Þt1; g2 ¼ ð1� n3j2Þt2; g3 ¼ ~n ðA:3Þ
where j1 and j2 are the principal curvatures of the surface n3 ¼ 0
(Anderson et al., 2001; Garrigues, 1999). Let V be a vector, one gets
V ¼ Vi gi. The components Vi are called contravariant components of
V. The reciprocal basis fgig is defined by

gi � gj ¼ dj
i ðA:4Þ

where dj
i is equal to 1 if i ¼ j and to 0 otherwise. We can write

V ¼ Vi gi and the components Vi are called covariant components
of V. The metric tensor is defined by:

gij ¼ gi � gj ðA:5Þ

The scale factors are:

hi ¼
ffiffiffiffiffi
gii
p ðA:6Þ

In our case, they can be written as follows:

h1 ¼ j1� n3j1j; h2 ¼ j1� n3j2j; h3 ¼ 1 ðA:7Þ

Unfortunately, the natural basis is not normalized. In order to avoid
this drawback, we introduce the normalized natural basis also
called physical basis:

~gi ¼
gi

kgik
¼ gi

hi
¼ gi

kgik ¼ gihi

� �
¼ ðt1; t2; ~nÞ ðA:8Þ

We use the physical components of vectors that verify:

u ¼ uðiÞ~gi; with uðiÞ ¼ hiui ¼ ui

hi
ðA:9Þ
A.1. Normal curvature tensor

The covariant components of the normal curvature tensor, B,
are defined by:

bab ¼ ~n � @ta

@nb
¼ �ta �

@~n
@nb

ðA:10Þ

Thus, one has:

B ¼ �rs ~n ðA:11Þ

where rs is the surface gradient. Let us note the eigen values of B
(i.e. the principal curvatures) j1 ¼ 1=R1 and j2 ¼ 1=R2. One defines:

� the mean curvature, j ¼ TrB ¼ 1=R1 þ 1=R2,
� the Gaussian curvature, H ¼ detB ¼ 1=ðR1R2Þ.

A.2. Normal components of the shear stress

The spatial derivative of the velocity along the normal direction
is

~n � ru ¼ uj
;3gj þ u1C1

13g1 þ u2C2
23g2 ðA:12Þ

where Ck
ij are the Christoffel coefficients (Garrigues, 2001) defined

by:

@gi

@nj
¼ Ck

ijgk ðA:13Þ

In the orthonormal physical basis, one simply has:

~n � ru ¼ uðjÞ;3~gj ðA:14Þ

Finally, the normal components of the shear stress can be written as
follows:
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~n � ðruþrT uÞ ¼ uð1Þ;3 þ
uð3Þ;1 þ uð1Þj1

h1

� �eg1

þ uð2Þ;3 þ
uð3Þ;2 þ uð2Þj2

h2

� �eg2 þ 2uð3Þ;3eg3 ðA:15Þ
A.3. Divergence of the shear stress

Let us note:

S ¼ lðruþrT uÞ ðA:16Þ

The divergence of this tensor (Garrigues, 2001, Chap. 2) is:

ðr � SÞi ¼ ðrSÞikk ¼ Sik;k � SmkC
m
ki � SimCm

kk ðA:17Þ

At order 1 of the normal coordinates n3, we find:

ðr � SÞ1 ¼ 2ðluð1Þ;1Þ;1 þ ðluð1Þ;2Þ;2 þ ðluð2Þ;1Þ;2 þ ðluð1Þ;3Þ;3
þ ðluð3Þ;1Þ;3 þ j1ððluð1ÞÞ;3 � luð1Þ;3
� 2luð3Þ;1 � n3ðluð1Þ;3Þ;3Þ � lðj1 þ j2Þðuð3Þ;1
þ uð1Þ;3 þ j1uð1Þ � n3j2uð1Þ;3Þ
þ 4lj2

1n3uð1Þ;3 � 2lj1;1uð3Þ þ Oðn3Þ ðA:18aÞ

ðr � SÞ2 ¼ 2ðluð2Þ;2Þ;2 þ ðluð1Þ;2Þ;2 þ ðluð2Þ;1Þ;2
þ ðluð2Þ;3Þ;3 þ ðluð3Þ;2Þ;3 þ j2ððluð2ÞÞ;3
� luð2Þ;3 � 2luð3Þ;2 � n3ðluð2Þ;3Þ;3Þ
� lðj1 þ j2Þðuð3Þ;2 þ uð1Þ;3 þ j2uð2Þ � n3j1uð2Þ;3Þ
þ 4lj2

2n3uð2Þ;3 � 2lj2;2uð3Þ þ Oðn3Þ ðA:18bÞ

ðr � SÞ3 ¼ 2ðluð3Þ;3Þ;3 þ ðluð1Þ;3Þ;1 þ ðluð3Þ;1Þ;1
þ ðluð2Þ;3Þ;2 þ ðluð3Þ;2Þ;2 þ j1ððluð1ÞÞ;1
� 2luð3Þ;3 � n3ðluð1Þ;3Þ;1 � luð3Þj1Þ
þ j2ððluð2ÞÞ;2 � 2luð3Þ;3 � n3ðluð2Þ;3Þ;2
� luð3Þj2Þ þ ln3ððj1;1 � j2;2Þðuð1Þ;3 � uð2Þ;3Þ
þ 2uð3Þ;3ðj1 þ j2ÞÞ þ Oðn3Þ ðA:18cÞ
Appendix B. Property of the mesoscopic models

In this section, we prove that the integrals over the interfacial
transition region of the mesoscopic models and of the validated
expressions are equal at order zero:Z

smeso
interf � sve

interf

� �
dn3 ¼ 0 ðB:1aÞ

Z
smeso

temp � sve
temp

� �
dn3 ¼ 0 ðB:1bÞ

Z
smeso

conv � sve
conv


 �
dn3 ¼ 0 ðB:1cÞ

The coordinate n3 is associated to the direction normal to the inter-
face (see Appendix A). The order zero is the lowest order introduced
by the method of matched asymptotic expansions (see Section
4.2.2). At this order, we show in Section 4.2.4.1 that the velocity
is independent of n3. 4 Consequently, the only variation along n3 is
due to the density that is constant within the bulk phases. Thus, it
is equivalent to prove that
4 In this paper, we only study the order zero. Thus, the equality of the integrals at
this order is enough to validate the models.
Z
ðvf � �vf Þdn3 ¼ 0 ðB:2Þ

where f is a function independent of n3. We remind that the filtering
operation, �� , is defined by:

�/ðx0Þ ¼
Z

Gðx0 � xÞ/ðxÞdx ðB:3Þ

It is worth noting that the �/ can also be written as follows:

�/ðx0Þ ¼
Z

GðxÞ/ðx0 � xÞdx ðB:4Þ

Thus, one gets:Z
ðvf � �vf Þdn3¼

Z
ðv� �vÞf dn3¼

Z
n3

Z
n0

i

Z
n0

3

v ni�n0
i ;n3�n0

3


 �
"

� �v ni�n0
i ;n3�n0

3


 ��
f ni�n0

i


 �
G n0

i ;n
0
3


 �
dV0

i
dn3

Z
n0

i



Z

n0
3

Z
n3

v ni�n0
i ;n3�n0

3


 �
� �v ni�n0

i ;n3�n0
3


 �
 �
dn3

� 	

 f ni�n0

i


 �
G n0

i ;n
0
3


 �
dV0�0 ðB:5Þ

To obtain this result, we use the fact that, at order zero in �, we
have:Z

n3

ðv� �vÞdn3 � 0

We can prove this property using the local mass conservation:Z
V
ðv� �vÞdV ¼ 0

Indeed, at order zero in �, the integral over the volume could be re-
duced to an integral along the normal direction:Z

V
ðv� �vÞdV ¼

Z
n1 ;n2 ;n3

ðv� �vÞ j1� n3j1j j1� n3j2jdn1dn2dn3

¼
Z

n1 ;n2 ;n
ðv� �vÞ j1� �nj1j j1� �nj2jdn1dn2dn

�
Z

n1 ;n2 ;n
ðv� �vÞdn1dn2dn ¼

Z
n1 ;n2

dn1dn2

Z
n
ðv� �vÞdn

¼
Z

n1 ;n2

dn1dn2

Z
n3

ðv� �vÞdn3 ðB:6Þ

The equality between the third and the fourth line is due to the fact
that the domain of the integral along the tangential coordinates n1

and n2 is arbitrary. Thus, one can choose it as small as necessary to
verify that v and �v do not depend on n1 and n2.
Appendix C. Tensor jump conditions

In this appendix, we detail the calculus that determines the
interface jump condition of the momentum. Integrating the sub-
traction between Eqs. (40) related to the order 1 of momentum
in the inner region and Eq. (33b) related to the order zero in the
outer region, one gets

lim
n!þ1

��l��u1ð1Þ;3 þ ��l��u0ð3Þ;1 þ j1
��l��u0ð1Þ
� �� �

� lim
n!�1

��l��u1ð1Þ;3 þ ��l��u0ð3Þ;1 þ j1
��l��u0ð1Þ
� �� �

¼ Ilð1Þ þ Igð1Þ þ
Z þ1

�1

@�T0

@t
ð1Þdnþ lim

n!þ1
��q��u0ð1Þ��u0ð3Þ þ �C0

13

� �
� lim

n!�1
��q��u0ð1Þ��u0ð3Þ þ �C0

13

� �
ðC:1aÞ
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lim
n!þ1

��l��u1ð2Þ;3 þ ��l��u0ð3Þ;2 þ j2
��l��u0ð2Þ
� �� �

� lim
n!�1

��l��u1ð2Þ;3 þ ��l��u0ð3Þ;2 þ j2
��l��u0ð2Þ
� �� �

¼ Ilð2Þ þ Igð2Þ þ
Z þ1

�1

@�T0

@t
ð2Þdnþ lim

n!þ1
��q��u0ð2Þ��u0ð3Þ þ �C0

23

� �
� lim

n!�1
��q��u0ð2Þ��u0ð3Þ þ �C0

23

� �
ðC:1bÞ

lim
n!þ1

2 ��l��u1ð3Þ;3
� �

���p0
� �

� lim
n!�1

2 ��l��u1ð3Þ;3
� �

���p0
� �

r
Z þ1

�1
�j0

�v
��vg ;3dn

¼ Ilð3Þþ Igð3Þþ
Z þ1

�1

@�T0

@t
ð3Þdnþ lim

n!þ1
��q��u0ð3Þ��u0ð3Þþ �C0

33

� �
� lim

n!�1
��q��u0ð3Þ��u0ð3Þþ �C0

33

� �
ðC:1cÞ
where Il and Ig are defined by:

Il ¼
Z þ1

0

@

@t
��q��u0 � ql

�u0
l

� �
dn ðC:2aÞ

Ig ¼
Z 0

�1

@

@t
��q��u0 � qg

�u0
g

� �
dn ðC:2bÞ

These integrals represent respectively the time evolution of the sub-
traction between microscopic (related to the inner region) and mac-
roscopic (related to the outer region) momentum on the liquid and
gas sides.

Using the matching conditions (35a) and (35c), Eq. (C.1a) reduce
to:
�l�u0ð1Þ;3 þ �l�u0ð3Þ;1 þ j1 �l�u0ð1Þ

 �� ����

þ

� �l�u0ð1Þ;3 þ �l�u0ð3Þ;1 þ j1 �l�u0ð1Þ

 �� ����

�

¼ Ilð1Þ þ Igð1Þ þ
Z þ1

�1

@�T0

@t
ð1Þdnþ �q�u0ð1Þ�u0ð3Þ þ C0

13

� ����
þ

� �q�u0ð1Þ�u0ð3Þ þ C0
13

� ����
�

ðC:3aÞ

�l�u0ð2Þ;3þ �l�u0ð3Þ;2þj2 �l�u0ð2Þ

 �� ����

þ

� �l�u0ð2Þ;3þ �l�u0ð3Þ;2þj2 �l�u0ð2Þ

 �� ����

�
¼ Ilð2Þþ Igð2Þ

þ
Z þ1

�1

@�T0

@t
ð2Þdnþ �q�u0ð2Þ�u0ð3ÞþC0

23

� ������
þ

� �q�u0ð2Þ�u0ð3ÞþC0
23

� ����
�

ðC:3bÞ

2 �l�u0ð3Þ;3
� �

� �p0
� ����

þ
� 2 �l�u0ð3Þ;3

� �
� �p0

� ����
�
� r

Z þ1

�1
�j0

�v
��vg ;3dn

¼ Ilð3Þ þ Igð3Þ þ
Z þ1

�1

@�T0

@t
ð3Þdnþ �q�u0ð3Þ�u0ð3Þ þ C0

33

� ������
þ

� �q�u0ð3Þ�u0ð3Þ þ C0
33

� ����
�

ðC:3cÞ

Because when n3 ¼ 0, we get h1 ¼ h2 ¼ 1 (Appendix A), the jump of
the terms involving viscosity in the previous equations are exactly
the shear stress jump along the normal direction (Eq. (A.15) Appen-
dix A).

Regarding the term related to the capillary force, at order zero,
one gets:

�n�vðn1; n2; nÞ ¼ ~nðn1; n2Þ ðC:4Þ
where ~n is the normal to the ISS filtered discontinuous interface.
Thus, at order zero, it comes:

�j0
�vðn1; n2; nÞ ¼ ~jðn1; n2Þ ðC:5Þ

where ~j is the curvature associated to the ISS filtered discontinuous
interface. Using this equation and the matching condition (34), the
term related to the capillary force becomes:

r
Z þ1

�1
�j0

�v
��vg ;3dn ¼ r~j

Z þ1

�1

@��vg

@n
dn ¼ r~jðvg jþ � vg j�Þ ¼ �r~j

ðC:6Þ

Thus, Eq. (C.3c) becomes:

2 �l�u0ð3Þ;3
� �

� �p0
� ����

þ
� 2 �l�u0ð3Þ;3

� �
� �p0�� ���

�
þ r~j

¼ Ilð3Þ þ Igð3Þ þ
Z þ1

�1

@�T0

@t
ð3Þdnþ �q�u0ð3Þ�u0ð3Þ þ C0

33

� ����
þ

� �q�u0ð3Þ�u0ð3Þ þ C0
33

� ����
�

In this relation, we recover the momentum jump condition of DNS
with the surface tension corrected by the integral quantity of the
subgrid term related to acceleration Ilð3Þ þ Igð3Þ þ

Rþ1
�1

@�T0

@t ð3Þdn.
This integral quantity is a new force similar to the capillary force.
However, whereas the capillary force has only a normal component,
this subgrid term may get tangential components.

The momentum jump conditions (Eqs. (C.3a), (C.3b) and (C.7))
can be rewritten in only one equation:

�S0��p0I

 ���

þ� �S0��p0I

 ���

�

� �
� ~nþr~j~n

¼ Ilþ Igþ
Z þ1

�1

@�T0

@t
dnþ �q�u0� �u0þC0

� ����
þ
� �q�u0� �u0þC0
� ����

�

� �
� ~n

ðC:8Þ

In this relation, the momentum jump conditions of DNS are cor-
rected by the integral quantity of the subgrid terms related to accel-
eration Il þ Ig þ

Rþ1
�1

@�T0

@t dn.

Appendix D. Time evolution of principal curvatures

The time evolution of the mean curvature presented in Theory of
Multicomponent Fluids (Drew and Passman, 1999, chap. 17.2.1) de-
pends on the Laplacian of the velocity instead of the surface Lapla-
cian. This is the reason why we propose a new proof.

The interface is defined by the vector function x

x : R2 
 Rþ ! R3

ðn1; n2; tÞ#xðn1; n2; tÞ ðD:1Þ

where ðn1; n2Þ are the surface coordinates and t the time. By defini-
tion, the interface velocity is:

vðn1; n2; tÞ ¼
@x
@t

ðD:2Þ

The time derivative of this section is a Lagrangian derivative be-
cause we follow the interface. Because the interface is non-material,
we can assume that

vðn1; n2; tÞ ¼ vðn1; n2; tÞnðn1; n2; tÞ ðD:3Þ

where n is the normal to the interface. Furthermore, we assume
that the local coordinates are such that each point x on the interface
corresponding to the surface coordinates ðn1; n2Þ is moving along
the normal direction. Thus, we assume that both the surface and
the surface coordinates are moving along the normal direction.



A. Toutant et al. / International Journal of Multiphase Flow 35 (2009) 1100–1118 1117
Let taða ¼ 1or2Þ be the orthogonal basis related to the principal cur-
vatures. If n3 ¼ 0, we have:

@x
@na
¼ ta ðD:4aÞ

@n
@na
¼ � 1

Ra
ta ðD:4bÞ

@ta

@na
¼ 1

Ra
n ðD:4cÞ

Using (D.4a) and (D.4b), one finds

@x
@na
¼ �Ra

@n
@na

ðD:5Þ

where Ra ¼ 1
ja

, a ¼ 1;2 are the principal radii of curvature. The time
derivative of (D.5) gives for the left hand side

@

@t
@x
@na
¼ @

@na

@x
@t
¼ @v
@na
¼ @v
@na

nþ v @n
@na

; ðD:6aÞ

and for the right hand side

@

@t
�Ra

@n
@na

� �
¼ � @Ra

@t
@n
@na
� Ra

@

@t
@n
@na

; ðD:6bÞ

Thus, we have:

� @Ra

@t
@n
@na
� Ra

@

@t
@n
@na
¼ @v
@na

nþ v @n
@na

ðD:6cÞ

The fact that n � n ¼ 1 implies:

@n
@na
� n ¼ 0 ðD:7aÞ

@n
@t
� n ¼ 0 ðD:7bÞ

The scalar product of @n
@na

and (D.6c) gives:

@Ra

@t
¼ �v � Ra

@n
@na
� @
@na

@n
@t

@n
@na
� @n
@na

ðD:8Þ

Using (D.4b) and (D.4c), we can write:

@n
@na
� @n
@na
¼ 1

R2
a

@n
@na
� @
@na

@n
@t
¼ � 1

Ra
ta �

@

@na

@n
@t

¼ � 1
Ra

@

@na
ta �

@n
@t

� �
� @ta

@na
� @n
@t

� �
¼ � 1

Ra

@

@na
ta �

@n
@t

� �
� 1

Ra
n � @n

@t

� �
¼ � 1

Ra

@

@na
ta �

@n
@t

� �
ðD:9aÞ

Switching the two scalar products of Eq. (D.8) by their simplified
expressions (D.9b), it comes:

@Ra

@t
¼ �v þ R2

a
@

@na
ta �

@n
@t

� �
ðD:10Þ

The spatial derivative of (D.2) along ta yields:

@v
@na
¼ @2x
@na@t

¼ @2x
@t@na

¼ @ta

@t
ðD:11Þ

Seeing that (D.3) implies
@v
@na
¼ @vn
@na
¼ @v
@na

nþ v @n
@na

; ðD:12Þ

the scalar product of (D.11) by n yields:

@v
@na
¼ @ta

@t
� n ðD:13Þ

Noting that ta � n ¼ 0 implies

@ta

@t
� n ¼ � @n

@t
� ta ðD:14Þ

one gets

@n
@t
� ta ¼ �

@v
@na

ðD:15Þ

Using this last relation (D.15) in (D.10), we obtain:

@Ra

@t
¼ �v � R2

a
@2v
@n2

a

ðD:16Þ

Let v ~r be the velocity of the local coordinate ðg1;g2;g3Þ and D=Dt
the real Lagrangian derivative, we have:

DRa

Dt
¼ @Ra

@t
þ v~r � ta

@Ra

@na

After some algebra, we obtain:

DRa

Dt
¼ �R2

a
@2v~r

@n2
a

� nþ 2Ra
@v~r

@na
� ta ðD:17Þ

Noting j the mean curvature,

j ¼ j1 þ j2 ¼
1
R1
þ 1

R2
ðD:18Þ

we finally find:

Dj
Dt
¼ Dsv~r � n� 2rsv~r : B ðD:19Þ
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